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Recently, the nonperturbative quantization scheme of loop quantum gravity has been extended
to the Brans-Dicke theory and the corresponding loop quantum Brans-Dicke cosmology has been
derived, which provides an essential platform to explore inflationary models in this framework.
In this paper, we consider two inflation models, the Starobinsky and α-attractor inflation whose
cosmological predictions are in excellent agreement with Planck data, and study systematically
their pre-inflationary dynamics as well as the slow-roll inflation. We show that for both models,
the background evolution of a flat Friedmann-Lemaˆıtre-Robertson-Walker universe in general can
be divided into three different phases: the pre-inflationary quantum phase, quantum-to-classical
transition, and the slow-roll inflation. The pre-inflationary dynamics are dominated by the quantum
geometry effects of loop quantum Brans-Dicke cosmology and the corresponding Universe could be
either initially expanding or contracting, depending on the initial velocity of inflaton field. It is
shown that the detailed evolution of pre-inflationary quantum phase also depend on specific inflation
models. After the pre-inflationary quantum phase, the universe gradually evolves into the slow-roll
inflation with some of initial conditions for Starobinsky and α-attractor potentials. In addition, to be
consistent with observational data, we also find the restricted parameter space of initial conditions
that could produce at least 60 e-folds during the slow-roll inflation.
I. INTRODUCTION
The paradigm of cosmic inflation provides perhaps
the most compelling picture of the universe at the early
stages of its history. It has achieved remarkable successes
not only in solving several problems of the standard big
bang cosmology, but most importantly in predicting the
primordial perturbations spectra whose evolutions ex-
plain both the formation of the large scale structure of
the universe and the tiny anisotropies in the cosmic mi-
crowave background (CMB) [1–3]. All these predictions
are all matched to cosmological observational data with
high precisions [4–7]. In general, there are a lot of ap-
proaches to realize the inflation that originate from very
different background physics. A common trait of many
inflationary models is that they involve scalar degrees of
freedom with a self-interacting potential that gives rise
to a slow-roll phase during which the energy density of
the matter field remains nearly constant and the space-
time behaves like a quasi-de Sitter spacetime. Recently,
cosmological and astrophysical data show that for sin-
gle field inflationary models, predictions of the Starobin-
sky and α-attractor inflation with a small value of α
are favored over others [5]. The Starobinsky inflation
is based on the account of R2-term as the correction in
the Einstein equations [1], which emerges in the Planck
epoch and plays a fundamental role in the high curva-
ture limit, when the early-time acceleration takes place.
The α-attractor inflation can be in general considered as
extensions of the Starobinsky inflation from α = 1 to
∗ zhut05@zjut.edu.cn
α 6= 1 [8, 9]. Such theories are conformally equivalent to
a scalar-tensor theory in the Einstein frame, where the
inflaton drives the expansion in a quasi-de Sitter space-
time and slowly moves to the end of inflation [11, 12]. As
expected, their perfect agreement with Planck data has
renewed interest in these models.
However, inflationary theory itself is very sensitive to
physics at Planck scales, due to the fact that the energy
scale of inflation may not be far from that of quantum
gravity [13, 14]. Because of this, the underlying quan-
tum field theory and classical general relativity (GR) on
classical spacetime becomes unreliable for a large class
of inflationary models. This is also known as the “trans-
Planckian issues” of the inflationary theory and its im-
plications on primordial perturbation spectra have also
been studied in some concrete quantum theories of grav-
ity, for example see the discussions in Horava-Lifshitz
gravity [15]. In addition, insisting on the use of classical
GR to describe the inflationary process will inevitably
lead to an initial singularity [16, 17]. All these issues are
closely related to the regime where classical GR is known
to break down, and one expects a quantum theory of
gravity will provide a completed description of inflation
as well as its pre-inflationary dynamics.
To address these issues, Loop quantum cosmology
(LQC) provides a natural framework, in which the stan-
dard inflationary scenarios can be extended from the on-
set of the slow-roll inflation back to the Planck era in a
self-consistent way. In such a picture, the big bang singu-
larity is replaced by a finite nonzero universe, the quan-
tum bounce, which eventually evolves to the desired slow-
roll inflation with very high possibilities [18–20, 22, 23].
Such remarkable features of the quantum bounce have
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2attracted a great deal of attentions lately, in which the
universe dominated by a scalar field for different scalar
field potentials have been widely explored [20–22, 24–30].
In addition, the primordial perturbations spectra with
loop quantum corrections and effects of quantum bounce
and their observational constraints have also been dis-
cussed extensively (see [22, 29–33, 35, 36] and references
therein).
Since the Starobinsky and α-attractor inflation models
are favored by Planck data, an essential question arising
in the framework of LQC is to check if the slow-roll infla-
tion for the Starobinsky and α-attractor models can still
occur after the quantum bounce at the Planck era. In
fact, both the dynamics of background and cosmological
perturbations of Starobinsky inflation model have been
already studied in the framework of LQC of GR [22, 37].
One of main conclusions of these studies is that following
the quantum bounce in LQC of GR, a desired slow-roll
inflation phase is almost inevitable and the imprints of
quantum bounce on primordial perturbation spectra and
non-Gaussianities can be well within observational con-
straints [22, 32–34].
However, as mentioned in [22], most of the above men-
tioned studies about Starobinsky inflation are limited to
the effective dynamics obtained from the loop quantiza-
tion in the Einstein frame. In this frame, the original
theory of Starobinsky inflation and its extensions (α-
attractors) in the Jordan frame have been transformed
into the Einstein frame by using a conformal transforma-
tion, so that the slow-roll inflation can be driven by a
scalar field with the specific potentials in the framework
of GR. Classically this is correct because the descriptions
of the slow-roll inflation in both frames are equivalent.
However, whether this is also true or not in LQC is still
an open question. According to [38], in general the Ein-
stein and Jordan frames are non longer equivalent at the
quantum level. Thus, it is interesting to explore the in-
flation directly with the effective dynamics obtained from
the loop quantization directly in the Jordan frame, based
on the quantization proposed in [39–43].
In general, both the theories of Starobinsky and α-
attractor inflation can be casted into the form of spe-
cific types of Brans-Dicke (BD) theory in the Jordan
frame [11, 12]. Recently, the nonperturbative quanti-
zation scheme of LQG has been successfully extended
to the BD theory [39, 40]. The corresponding effective
equations of cosmological model for loop quantum BD
cosmology have been derived [40] based on the loop quan-
tization procedure in the Jordan frame. These effective
equations thus provide a very essential platform to study
the Starobinbsky and α-attractor inflation in the frame-
work of loop quantum BD cosmology.
To this purpose, in this paper we study the Starobinsky
and α-attractor inflation as well as their pre-inflationary
dynamics in the framework of loop quantum BD cos-
mology. Because the quantization in different frames
may give different results, we expect loop quantum BD
cosmology may provide some distinguishing description
about the background evolutions of Starobinsky and α-
attractor inflation from those in LQC of GR in the Ein-
stein frame. Since most of studies and results about
Starobinsky and α-attractor inflation are considered in
the Einstein frame, here in order to compare our results
with theirs, in this paper we shall focus on quantities
of background evolution in loop quantum BD cosmol-
ogy (in Jordan frame) by writing them in terms of those
in LQC of GR (in Einstein frame). With this strategy,
we show that the evolution of the background in general
can be divided into three phases: the pre-inflationary
quantum phase, quantum-to-classical transition, and the
slow-roll inflation. For pre-inflationary quantum phase,
we shall observe that the Universe starts at a finite non-
zero Universe which could be either contracting or ex-
panding depending on the initial velocity of scalar field
χ. For slow-roll inflation, we also show the parameter
space that could leads to at least 60 e-folds during the
slow-roll inflation.
This paper is origanized as follows. In Sec. II, we
give an introduction of the classical dynamics of slow-
roll inflation in BD theory and in particular focus on
the Starobinsky and α-attarctor inflation as well as their
observational constraints. In Sec. III, we present the
effective equations about the background evolution in
loop quantum Brans-Dicke cosmology and then trans-
form them in terms of quantities in the Einstein frame.
Based on these effective equations, in Sec. IV we turn to
study the background evolution by using numerical cal-
culations in details for both Starobinsky and α-attractor
inflation. Our main conclusions and discussions are pre-
sented in Sec. V.
II. CLASSICAL DYNAMICS OF SLOW-ROLL
INFLATION IN BRANS-DICKE THEORY
A. Brans-Dicke theory in Jordan frame
The action of four dimensional BD theory is given by
[44]
SJ =
∫
d4x
√−g
[MPl
2
φR+
MPl
φ
ωBDX − V (φ)
]
,
(2.1)
where g is the determinant of the spacetime metric gµν ,
R is the four dimensional Ricci scalar, φ is the BD scalar
field, ωBD is the BD parameter which is a dimensionless
constant, X ≡ − 12gµν(∂µφ)(∂νφ), and V (φ) represents
the potential of the scalar field φ. Note that the gravita-
tional constant 8piG = M−2Pl = 8pim
−2
Pl with MPl and mPl
being the reduced Planck and Planck mass respectively.
We note that in contrary to the original BD theory, we
introduced the field potential V (φ).
The f(R) theory of gravity with the action
S =
∫
d4x
√−gM
2
Pl
2
f(R) (2.2)
3is related to the BD theory by the following correspon-
dence
φ
MPl
=
df
dR
, V (φ) =
M2Pl
2
(
R
df
dR
− f
)
, ωBD = 0.
(2.3)
Then the Starobinsky inflation with action [1]
SR2 =
∫
d4x
√−gM
2
Pl
2
(
R+
R2
6M2
)
(2.4)
is a special case of the Brans-Dicke theory with
φ
MPl
= 1 +
R
3M2
, (2.5)
V (φ) =
3M2
4
(φ−MPl)2, (2.6)
ωBD = 0. (2.7)
In the Jordan frame, we consider the spatially flat
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) uni-
verse, for which the metric takes the form
ds2 = −dt2 + a2(t)dxidxi, (2.8)
where a(t) is the scale factor of the Universe and t is the
cosmic time in the Jordan frame. The dynamics of the
universe can be derived from the action (2.1), which is
governed by the modified Friedmann and Klein-Gordon
equations, i.e.,
3M2Pl
(
H +
φ˙
2φ
)2
=
M2Plρφ
φ2
, (2.9)
φ¨+ 3Hφ˙+
2
βMPl
(
φVφ(φ)− 2V (φ)
)
= 0. (2.10)
where H ≡ a˙/a denotes the Hubble parameter, β ≡
2ωBD + 3, and ρφ ≡ β4 φ˙2 + φV (φ)/MPl is the effective
energy density of the BD scalar field.
B. Starobinsky inflation and α-attractors in
Einstein frame
Under the conformal transformation
gˆµν =
φ
MPl
gµν , (2.11)
the action (2.1) can be recasted to the one with a mini-
mally coupled scalar field χ in the Einstein frame. The
transformed action is given by
SE =
∫
d4x
√
−gˆ
[
M2Pl
2
Rˆ− 1
2
gˆµν∂µχ∂νχ− U(χ)
]
,
(2.12)
where a hat represents the quantities in the Einstein
frame, and one can identify
U(χ) = e
−2
√
2
β
χ
Mpl V (φ), (2.13)
φ
MPl
= e
√
2
β
χ
MPl . (2.14)
For Starobinsky inflation, it corresponds to the scalar
field χ and the corresponding Starobinsky potential U(χ)
as
χ
MPl
=
√
3
2
ln
(
φ
MPl
)
=
√
3
2
ln
(
1 +
R
3M2
)
,(2.15)
U(χ) =
3
4
M2M2Pl
(
1− e−
√
2
β
χ
MPl
)2
, (2.16)
β = 3. (2.17)
The Starobinsky potential U(χ) with β = 3 can be ex-
tended to β 6= 3, which corresponds to a subclass of the
E-type α-attractor inflation models [8–10]. Normally, the
action of the α-attractor inflation models of a real scalar
field ϕ can be written in the Einstein frame in the non-
canonical form [8–10]
S =
∫
d4x
√
−gˆ
(
M2Pl
2
Rˆ+
1
2
α(
1− ϕ2
6M2Pl
)2 gˆµν(∂µϕ)∂νϕ
+ f2
(
ϕ√
6MPl
))
, (2.18)
where f(ϕ/(
√
6MPl)) denotes an arbitrary function. This
action can also be described by the canonical action
(2.12) by redefining a canonical scalar field χ as
ϕ√
6MPl
= tanh
(
χ√
6αMPl
)
. (2.19)
Different choices of the arbitrary function f correspond to
the different types of inflation attractors. The E-type α-
attractor which we considered in this paper corresponds
to the function f(ϕ/(
√
6MPl)) with a special choice such
that
f2
[
tanh
(
χ√
6αMPl
)]
= U(χ), (2.20)
where U(χ) is given by (2.16) with α = β/6. In the Jor-
dan frame, this case corresponds to the BD theory with
ωBD 6= 0. The above analysis shows that the Starobinsky
and the E-type α-attractor inflation models can be con-
formally equivalent to the classical BD cosmology with
ωBD = 0 and ωBD 6= 0 respectively.
Now let us turn to consider the dynamics of a spatially
flat FLRW universe in the Einstein frame,
ds2 = −dtˆ2 + aˆ2(tˆ)dxidxi (2.21)
with aˆ(tˆ) being the scale factor of the universe and tˆ is
the cosmic time in Einstein frame. The dynamics of the
background cosmology can be derived from the action
(2.12), which is governed by
Hˆ2 =
1
3M2Pl
ρˆχ, (2.22)
d2χ
dtˆ2
+ 3Hˆ
dχ
dtˆ
+ Uχ = 0, (2.23)
4where
ρˆχ ≡ 1
2
χ˙2 + U(χ), (2.24)
Uχ ≡ dU(χ)
dχ
. (2.25)
To study the slow-roll inflation, it is convenient to in-
troduce the two slow-roll conditions
1
2
χ˙2  U(χ), (2.26)∣∣∣∣d2χdtˆ2
∣∣∣∣ ∣∣∣∣3Hˆ dχdtˆ
∣∣∣∣ , |Uχ| . (2.27)
Then the Friedmann and Klein-Gordon equations be-
come
3M2PlHˆ
2 ' U(χ), (2.28)
3Hˆ
dχ
dtˆ
' −Uχ. (2.29)
With these two approximate equations, the e-folds during
the slow-roll inflation reads
Ninf =
∫ aˆend
aˆi
daˆ
aˆ
=
∫ tˆend
tˆi
Hˆdtˆ = −
∫ χi
χend
Hˆ
dχ/dtˆ
dχ
' 1
M2Pl
∫ χi
χend
U(χ)
Uχ(χ)
dχ. (2.30)
To describe the evolution of the slow-roll background, we
introduce the Hubble slow-roll parameter H and poten-
tial slow-roll parameter U as,
H ≡ − H˙
H2
, U ≡M2Pl
U2χ
2U2
. (2.31)
During the slow-roll inflation, up to the leading-order in
the slow-roll approximation, we have
H ' U . (2.32)
For the Starobinksy (β = 3) and α-attractor (β 6=
3) inflation, the potential of the scalar field is given by
(2.16), from which one obtains
U '= 4
β
(
1− e
√
2
β
χ
MPl
)−2
, (2.33)
and
Ninf ' β
4
(
e
√
2
β
χi
MPl − e
√
2
β
χend
MPl
)
+
1
2
√
β
2
χend − χi
MPl
.
(2.34)
Then at the end of the slow-roll inflation, U ' 1 yields
χend
MPl
=
√
β
2
ln
(
1 +
√
4
β
)
. (2.35)
To produce at least 60 e-folds during the slow-roll infla-
tion (i.e. Ninf = 60), we have
χi
MPl
= −
√
β
2
(
c+W−1(−e−c)
)
, (2.36)
with c being given by
c ≡ 4
β
Ninf + e
√
2
β
xend
MPl −
√
2
β
xend
MPl
, (2.37)
and W−1(x) denoting the Lambert W function.
The inflationary observables of Starobinsky and α-
attractor inflation are given by
ns ' 1− 2
Ninf
, r ' 4β
N2inf
, (2.38)
where ns is the spectral index of the inflationary scalar
power spectrum and r is the ratio between the tensor and
scalar spectra. Then the Planck 2018 data together with
the BICEP2/Keck Array 2014 data set tight constraint
on β [5],
β . 94.87 at 95% C.L.. (2.39)
C. Equivalence between Einstein and Jordan
frames
At the classical level, both the Einstein and Jordon
frames can be equivalently transformed to each other.
According to the conformal transformation, one can
establish relationships between the quantities in both
frames,
aˆ(tˆ) =
√
φ
MPl
a(t), dtˆ =
√
φ
MPl
dt, (2.40)
Hˆ =
√
MPl
φ
(
H +
φ˙
2φ
)
, (2.41)
dχ
dtˆ
=
√
β
2
(
MPl
φ
) 3
2
φ˙, (2.42)
d2χ
dtˆ2
=
√
β
2
M2Pl
(
φ¨
φ2
− 3φ˙
2
2φ3
)
, (2.43)
ρˆχ =
(
MPl
φ
)3(
β
4
φ˙2 +
φ
MPl
V (φ)
)
. (2.44)
With the above identifications, one can easily verify that
the dynamics of the BD cosmology in both Einstein and
Jordan frame are equivalent to each other.
III. EFFECTIVE EQUATIONS IN LOOP
QUANTUM BRANS-DICKE COSMOLOGY
Loop quantum gravity (LQG) provides a background
independent way to quantize GR, which has been widely
investigated in the past 30 years [45–47]. In the frame-
work of LQG, it is remarkable that GR can be non-
perturbatively quantized by the loop quantization pro-
cedure. Recently, this promising loop quantization has
been extended to theories of modified gravity, for exam-
ples, BD theory [39, 40], metric f(R) theories [41, 42],
5and scalar-tensor theories [43]. Applying the physical
ideas and mathematical tools underlying LQG, LQC is
proposed, which represents a symmetry-reduced model
of LQG by quantizing the FLRW background spacetime
with the loop quantization procedures (for review of LQC
see [48, 49] and references therein).
For cosmology of BD theory, the background dynam-
ics can be described in two ways, direct investigation in
the Jordan frame and using certain conformal transfor-
mation to the Einstein frame. It has been shown that
the results derived from the LQC quantization in differ-
ent frames are not equivalent to each other [38]. Thus
it is interesting to explore the effective dynamics of cos-
mology with quantization in different frames. With the
effective equations derived from the LQC quantization in
the Einstein frame, the effective cosmological dynamics
have been studied extensively in both frames (see [38, 51–
53] for examples). It is worth noting that in [51, 53]
the dynamics of the slow-roll inflation from non-minimal
coupled scalar field have been discussed by conformally
transforming the LQC quantization results in the Ein-
stein frame to Jordan frame. In this paper, in contrast
to these works, we consider the cosmological evolution of
BD cosmology by directly using the effective dynamics
from LQC quantization in the Jordan frame.
The effective dynamics of loop quantum BD cosmology
is derived in the Jordan frame in Refs. [38, 50], in which
the effective equations of both the Friedmann and Klein-
Gordon equations for the background cosmology with the
BD scalar field φ are given by(
H +
φ˙
2φ
)2
=
(
1
φ
√
ρφ
3
√
1− ρφ
ρc
+
φ˙
2φ
(
1−
√
1− ρφ
ρc
))2
,
φ¨+ 3Hφ˙+
2
βMPl
φVφ
+
2
βMPl
V (φ)
(
1− 3
√
1− ρφ
ρc
)
= 0. (3.1)
It is obvious to see that the effective energy density of
the BD field ρφ now has a maximum value ρc. When ρφ
approaches this maximum value, the Hubble parameter
H in the Jordan frame approaches zero, which implies
a quantum bounce occurs at this point in the Jordan
frame. As a result, the past singularity arising in the
classical BD universe in the Jordan frame is cured by the
quantum bounce. When ρφ  ρc, the above equations
reduce to the classical version in the classical BD theory.
Note that our purpose is to study Starobinsky and α-
attractor inflation in quantum BD cosmology. Since most
of studies and results about this two inflation models are
considered in the Einstein frame, here in order to com-
pare our results with theirs, we shall focus on quantities
in terms of variables such as Hˆ and χ in the Einstein
frame. By this treatment, we consider the Einstein frame
as the physical frame. In the Einstein frame, By using
the relations in Eqs. (2.41 - 2.44), one obtains
Hˆ2 =
1
M2Pl
(√
ρˆχ
3
√
1− rχ +
√
1
2β
χ˙
(
1−√1− rχ))2 ,
(3.2)
and
d2χ
dtˆ2
+ 3Hˆ
dχ
dtˆ
+ Uχ + 3
√
2
β
U
MPl
(
1−√1− rχ) = 0,
(3.3)
where
rχ ≡ e3
√
2
β
χ
MPl
ρˆχ
ρc
. (3.4)
We note that Eqs. (3.2) and (3.3) obtain the classical
limit for rχ  1, which is described by Eqs. (2.22) and
(2.23). Unlike in LQC of GR that the energy density ρˆχ
has a maximum value ρc, now it is restricted to
rχ ≤ 1, (3.5)
which leads to
e
3
√
2
β
χ
MPl ρˆχ < ρc. (3.6)
It is worth pointing out that the description of the dy-
namics by using the quantities in the physical Einstein
frame is very different from that in the Jordan frame.
As mentioned, the quantum bounce in the Jordan frame
defined by H = 0 appears for ρφ = ρc, while at this mo-
ment we have rχ = ρφ/ρc = 1 in the physical Einstein
frame and Eq.(3.2) gives Hˆ2 = χ˙
2
2βM2Pl
6= 0. The quan-
tum bounce in the physical Einstein frame is defined by
Hˆ = 0 and can be obtained by solving Eqs. (3.2) and
(3.3) as we shown later in the next section. This implies
the corresponding starting point of Universe is not at the
bounce point, but instead by a finite Universe which is
either expanding or contracting. This definitely provides
another resolution of the initial singularity and its novel
properties are still waiting for exploring.
It should be noted that the above upper bound of the
energy density ρc is in the Jordan frame. By transform-
ing into the Einstein frame, the upper bound becomes
e
3
√
2
β
χ
MPl ρc. This means the initial condition for the BD
field φ in the Jordan frame and its counterpart scalar
field χ in the Einstein frame can be significantly differ-
ent. Normally, one expects that the natural initial con-
dition for inflation when the universe first emerged from
the big bang and reached the Planck density is such that
all different energy forms (kinetic, gradient, and poten-
tial energy) are of the same order. This assumption, as
observed in [54], creates a “unlikeness” problem for in-
flation models with plateau-like potentials (for example
the Starobinsky potential), for which the initial potential
energy has to be much smaller than the Planck energy
6for the occurrence of the slow-roll inflation. Such issue
has also been addressed earlier by comparing the initial
conditions in both the Jordan and Einstein frames [55],
in which it is shown that when ρˆχ in Einstein frame is
at the energy scale ∼ 10−12m4Pl for the occurrence of the
slow-roll inflation, ρφ in the Jordan frame could be at
Planck scale ∼ m4Pl. This fact, as pointed out in [55],
can relieve the “unlikeness” problem to inflation models
with plateau-like potentials that observed in [54]. In the
context of LQC, this initial condition issue may be dif-
ferent from that of classical inflation in two ways. First,
comparing to the classical theory, the dynamics of the
universe at the Planck scale is dramatically changed in
which a quantum bounce occurs at the Planck era. The
Universe starting at the quantum bounce is followed by
a super-inflation period before it enters into the classical
regime [56]. Second, the natural initial condition that
should be set at the Planck scale with various energy
forms being at the same order is in general considered
as an assumption and its specific form is expected to be
determined by the quantum theory of gravity. As one of
candidates of quantum theory of gravity, the loop quanti-
zation for the BD cosmology in the Jordan frame directly
implies an upper bound on the energy density ρφ ≤ ρc.
As we mentioned above, the quantum bounce in the Jor-
dan frame occurs when ρφ = ρc ∼ m4Pl which thus could
provide a concrete realization for the natural initial con-
dition for inflation in loop quantum BD cosmology.
On the other hand, by comparing the loop quantization
in two different frames, one observes that the quantiza-
tion directly implies upper bound on the energy density
in the same frame that used to implement the quantiza-
tion procedure. For the quantization in Einstein frame,
the energy density is restricted to ρˆχ ≤ ρˆc, while for
the quantization in the Jordan frame the upper bound
becomes ρφ ≤ ρc. The critical energy ρˆc and ρc are in
principle different, but both are supposed to be at Planck
scale. This fact, as we shall shown in the next section,
can directly affect the maximal value of χ and the initial
conditions that can produce at least 60 e-folds.
IV. NUMERICAL ANALYSIS FOR THE
BACKGROUND EVOLUTION OF
STAROBINSKY AND α-ATTRACTOR
INFLATION
In this section, we start to study the evolution of the
Universe in the framework of loop quantum BD cosmol-
ogy by obtaining the solutions of Eqs. (3.2) and (3.3).
These equations can be solved numerically by imposing
initial conditions for aˆ(tˆ), χ(tˆ), and χ˙(tˆ) at a specific
time. A convenient choice of such a point is at the time
tˆ0 when rχ = 1, at which we have the two relations
1
2
χ˙20 + U(χ0) = ρce
−3
√
2
β
χ0
MPl , (4.1)
TABLE I. Table for β, M and χmax. We only show the values
which shall be used in the following subsection.
β M/mPl χmax/mPl
1 1.37× 10−6 1.39
3 2.31× 10−6 2.32
5 2.92× 10−6 2.95
10 3.99× 10−6 4.08
20 5.38× 10−6 5.65
and
Hˆ20 =
χ˙20
2βM2Pl
. (4.2)
For the sake of simplicity, we rescale aˆ(tˆ) by setting
aˆ(tˆ0) = 1 at tˆ = tˆ0. Once the potential U(χ) is spec-
ified, we can obtain χ˙0 in terms of χ0 and ρc by using
the first relation for both χ˙0 > 0 and χ˙0 < 0 respectively.
In this sense, we only need to specify the value of χ0 and
the sign of χ˙0 as initial conditions. In addition, the first
relation in the above also restricts χ0 to the range of
(−∞, χmax), where χmax can be obtained from
e
−
√
2
β
χmax
MPl =
M2M2Pl
4ρc
(
1− Y 13 − Y− 13
)
+ 2Y− 13 ,
(4.3)
where
Y ≡ −1 + 12ρc
M2M2Pl
− 24ρ
2
c
M4M4Pl
+8
(
ρc
M2M2Pl
) 3
2
√
9ρc
M2M2Pl
− 1. (4.4)
In Table. I, we present several values of χmax by several
sets of values for β and M we used in the numerical
calculations.
From the second relation, we observe that the universe
is not at the bounce initially since Hˆ0 6= 0. Depending
on the sign of χ˙0, the Universe could be either expanding
or contracting at the initial time. Since at this moment
there is a quantum bounce in the description in the Jor-
dan frame, i.e., H = 0, from Eq. (2.41) we see that the
sign of Hˆ0 is the same as φ˙0, which also has the same
sign as χ˙0 according to (2.42). Therefore, at the initial
time, the Universe is expanding if χ˙0 > 0 and contracting
when χ˙0 < 0. Then we have
Hˆ0 =
χ˙0√
2βMPl
. (4.5)
In order to do the numerical calculation, we also need
to specify the values of β and M . In fact, for each value
of β within the constraint given by (2.39), the values of
M can be determined by using the most recent released
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FIG. 1. Numerical solution for Starobinsky inflation (β = 3)
in loop quantum BD cosmology with χ˙0 > 0. Top panel: The
evolution of the scale factor aˆ(tˆ) for different initial values of
χ0. Middle panel: rχ for the same set of initial conditions.
Bottom panel: The evolution of the slow-roll parameter ˆH .
Planck 2018 data [5]. We present the values of M for
β = 1, 3, 5, 10, 20 in Table. I.
In the following subsections, we shall study the evolu-
tion of the background for potential U(χ) in (2.16) for
several different values of β respectively.
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FIG. 2. Numerical solutions of scale factor aˆ(tˆ) (top panel),
rχ (middle panel), and the slow-roll parameter H (bottom
panel) for Starobinsky inflation (β = 3) in loop quantum BD
cosmology with χ˙0 < 0.
A. Starobinsky potential
Let us first consider the Starobinsky inflation in the
framework of loop quantum BD cosmology, which corre-
sponds to β = 3. The Starobinsky inflation in LQC of
GR has been discussed in [22, 37], in which both the dy-
namics of background and cosmological perturbations of
Starobinsky inflation model have been extensivelly stud-
ied. One of main conclusions of these studies is that
following the quantum bounce in LQC of GR, a desired
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FIG. 3. The e-folds Ninf during the slow-roll inflation for
Starobinsky inflation (β = 3) as a function of initial values of
χ0 for the χ˙0 < 0.
slow-roll inflation phase is almost inevitable and the im-
prints of quantum bounce on primordial perturbation
spectra and non-Gaussianities can be well within obser-
vational constraints [22]. However, in loop quantum BD
cosmology, as we mentioned, the Universe is not starting
at the bounce. Thus it is interesting to explore the dy-
namics of the Starobinsky inflation in the framework of
loop quantum BD cosmology and compare their differ-
ences with that in LQC of GR.
At the initial time, the Universe is expanding when the
initial velocity is positive (χ˙0 > 0) and contracting if it
is negative (χ˙0 < 0). Thus our numerical analysis shall
consider these two cases separately by paying particu-
lar attention to two important issues, namely how likely
the occurrence of the slow-roll inflation is, and whether
enough e-folds can be generated during the slow-roll in-
flation.
For χ˙0 > 0, the results of the background evolution are
illustrated in Fig. 1. For the evolution of the scale factor
(shown in the Top panel of Fig. 1), it is shown clearly
that the Universe is initial expanding from a finite Uni-
verse at tˆ0. During this expanding phase, the velocity χ˙
is decreasing so is the Hubble parameter Hˆ. Therefore
the expanding of Universe slows down until the Universe
reaches its local maximum value and then collapses into
a contracting phase. This picture is dramatically differ-
ent from that in LQC of GR where the Universe is at the
expanding phase right after the quantum bounce. After
the contracting phase, the Hubble parameter again ap-
proaches zero and the bounce occurs, finally the Universe
enters into the expanding phase (hereafter we use tˆB to
denote the bounce point). During this pre-inflationary
quantum phase, it is shown in the middle panel of Fig. 1
that the quantity rχ is very close to unity. This means
that the dynamics are dominated by the quantum geom-
etry effects of LQBDC over this phase. The very different
behaviors of the evolutions between the above phase and
that in LQC of GR originate essentially from the loop
quantization in the two different frames.
Right after the bounce point tˆB, the quantity rχ
quickly decreases to zero and therefore the Universe soon
enters into the classical regime in which the quantum
geometry effects are negligible and the evolution of the
Universe follows equations in the classical BD cosmol-
ogy. Now an essential question is whether the slow-roll
inflation occurs after the above mentioned quantum pro-
cesses. From the bottom panel of Fig. 1, we see clearly
that the slow-roll parameter ˆH reduces quickly to a very
small value (ˆH  1) after the quantum gravity regime.
This phase exactly represents the slow-roll inflation and
the scale factor aˆ(tˆ) is exponentially growing, as shown in
the first panel of Fig. 1. Further numerical analysis for
more initial conditions show that the corresponding e-
folds produced during the slow-roll inflation is sufficient
to be larger than 60 for any values of χ0 in the range
of (−∞, χmax), as shown in Table. II. In Table. II, we
also present the results from the numerical analysis for
different values of χ0 for χ˙0 > 0.
For χ˙0 < 0, in contrast to the case of χ˙0 > 0, the Uni-
verse is initially contracting. The background evolutions
for a set of initial conditions with χ˙0 < 0 is illustrated in
Fig. 2 and Table. II, in which the scale factor aˆ(tˆ), rχ,
and the slow-roll parameter ˆH are all obtained numeri-
cally. It is shown from the top panel of Fig. 2 that after
the initial contracting phase dominated by the quantum
geometry effects, the universe bounces to the expanding
phase, during which the Universe eventually evolves into
the slow-roll inflation. The corresponding e-folds Ninf
during the slow-roll inflation as a function of χ0 is pre-
sented in Fig. 3. In order to produce sufficient 60 e-folds
during the slow-roll inflation, it is shown clearly that one
has to require
χ0 ∈ (1.82mPl, 2.32mPl). (4.6)
Another property of Ninf is that it increases as the value
of χ0 increases until it reaches a maximum value when
χ0 approaches its up bound.
Here we would like to provide a brief summary about
the background evolution of Starobinsky inflation. We
find for both the initial positive and negative velocity,
the evolution of the background can be in general divided
into three different phases: the pre-inflationary quantum
phase, quantum-to-classical transition, and slow-roll in-
flationary phase. During pre-inflationary quantum phase,
the evolution of the background is dominated by the
quantum effects of the loop quantum BD cosmology be-
cause rχ ' 1. It is shown that the quantum bounce
occurs no matter the Universe is initially expanding (for
χ˙0 > 0) or contracting (for χ˙0 < 0). For initial ex-
panding Universe (χ˙0 > 0), the Universe shall first
collapse to a contracting phase, and then bounce to a
expanding phase, while for initial contracting Universe
(χ˙0 < 0), the Universe shall directly evolve to the ex-
panding phase through the quantum bounce. For the
quantum-to-classical transition, the quantity rχ suddenly
decreases from rχ ' 1 to rχ ' 0. Since rχ denotes
the ratio between the energy density of BD field and ρc,
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FIG. 4. The figure shows the numerical evolution of the scale
factor aˆ(tˆ), rχ and the slow-roll parameter ˆH for α-attractor
inflation with β = 1 for χ˙0 > 0.
this phase represents the intermediate region between the
quantum and classical cosmology. Following this transi-
tion phase is the slow-roll inflationary phase and it is
shown that for χ0 in restricted ranges the slow-roll infla-
tion can lead to sufficient 60 e-folds.
B. α-attractor inflation
In this subsection, we begin to consider the α-attractor
inflation (β 6= 3) and focus on several cases of β =
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FIG. 5. The figure shows the numerical evolution of the scale
factor aˆ(tˆ), rχ and the slow-roll parameter ˆH for α-attractor
inflation with β = 1 for χ˙0 < 0.
1, 5, 10, 20.
1. β = 1
For β = 1, the results of the background evolutions
are illustrated with χ˙0 > 0 and χ˙0 < 0, respectively, in
Figs. 4 and 5, in which the scale factor aˆ(tˆ) , rχ and
the slow-roll parameter ˆH are all obtained numerically.
The behaviors of these solutions are very similar to the
Starobinsky inflation. For those initial conditions that
10
TABLE II. Table for the cases β =3. The value of tˆB denotes the time when a quantum bounce occurs. We also define tˆC as
the time when rχ decreases below 10
−3 and consider the evolution equations classically after tˆ = tˆC .
χ˙0 χ0 tˆB/tPl tˆC/tPl Inflation tˆ/tPl χ∗ Ninf
positive 2.3 3.7× 105 2.1× 108 starts 2.8× 10
5 2.31
549.67
ends 9.8× 108 0.12
2 6.3× 105 2.1× 108 starts 5.3× 10
5 2.31
544.97
ends 9.8× 108 0.12
0 6.7× 105 2.1× 108 starts 5.7× 10
5 2.31
544.97
ends 9.8× 108 0.12
-2 6.7× 105 2.1× 108 starts 5.7× 10
5 2.31
544.97
ends 9.8× 108 0.12
-5 6.7× 105 2.1× 108 starts 5.7× 10
5 2.31
544.97
ends 9.8× 108 0.12
negative 2 9810.43 1.5× 105 starts 3.2× 10
5 1.55
276.3
ends 2.4× 108 0.12
1.82 3228.85 4.7× 104 starts 3.3× 10
5 1.19
61.45
ends 5.6× 107 0.12
1.6 836.80 1.2× 104 starts 3.5× 10
5 0.75
8.58
ends 9.2× 106 0.12
0 0.05 0.66
starts
ends
-2 2.1× 10−7 3.0× 10−6 starts
ends
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FIG. 6. For β = 1, the e-folds Ninf during the slow-roll infla-
tion as a function of χ0 with χ˙0 < 0. Top panel: for positive
values of χ0. Bottom panel: for negative values of χ0.
are able to realize the slow-roll inflation, the evolution of
the universe can be divided into three phases: the pre-
inflationary quantum phase, quantum-to-classcial transi-
tion, and the slow-roll inflationary phase. From Figs. 4
and 5, one can see that the behaviors of pre-inflationary
quantum phase are almost the same as those of the
Starobinsky inflation.
For the slow-roll inflationary phase, let us first discuss
the case of χ˙0 > 0. The numerical results for several ini-
tial conditions with χ˙0 > 0 are presented in Table. III.
We find that the desired slow-roll inflation can be pro-
duced for any values of χ0 in the range
χ0 ∈ (−∞, 1.39mPl). (4.7)
For χ˙0 < 0, the e-folds Ninf during the slow-roll inflation
as a function of χ0 is illustrated in Fig. 6, from which
we can see that, in order to produce at least 60 e-folds
during slow-roll inflation, the initial conditions have to
be restricted to
χ0 ∈ (−∞,−1.80mPl) ∪ (1.25mPl, 1.39mPl). (4.8)
2. β = 5, 10 and 20
For β = 5, 10, 20, the background evolutions for a
set of initial conditions with χ˙0 < 0 and χ˙0 > 0 are il-
lustrated, respectively, in Fig. 7 and 8. In both figures,
all the three cases (β = 5, 10, 20) are presented and
the scale factor aˆ(tˆ) , rχ and the slow-roll parameter ˆH
are all obtained numerically. From these figures, similar
to cases of β = 1 and β = 3, the evolution again can
be divided into three phases, the pre-inflationary quan-
tum phase, quantum-to-classical transition, and the slow-
roll inflationary phase. For the pre-inflationary quantum
phase, an important feature is that a quantum bounce
always occurs for negative initial velocity (χ˙0 < 0), while
it does not exist after the initial time tˆ0 for positive initial
velocity (χ˙0 > 0) which is in contrast to cases of β = 1
and β = 3. The numerical results of the background
evolution for various initial conditions are also presented
respectively in Table. III for χ˙0 > 0 and Table. IV for
χ˙0 < 0.
Finally, for each cases (β = 5, 10, 20), to obtain at
least 60 e-folds during the slow-roll inflationary phase,
the values of χ0 have to be restricted to the ranges given
as follows: for β = 5 one finds
χ0 ∈
{
(2.12mPl, 2.95mPl), χ˙0 < 0,
(−6.53mPl, 2.95mPl), χ˙0 > 0, (4.9)
for β = 10 we have
χ0 ∈
{
(2.55mPl, 4.08mPl), χ˙0 < 0,
(−2.18mPl, 4.08mPl), χ˙0 > 0, (4.10)
and for β = 20,
χ0 ∈
{
(3.00mPl, 5.65mPl), χ˙0 < 0,
(−1.13mPl, 5.65mPl), χ˙0 > 0. (4.11)
Within the above ranges, the e-folds Ninf increases as the
value of χ0 increases, as shown in Table. III and IV.
V. CONCLUSION AND DISCUSSION
In this paper we have provided a detailed numeri-
cal study of the Starobinsky and α-attractor inflation
as well as their pre-inflationary dynamics in the frame-
work of loop quantum BD cosmology. We show that for
both the Starobinsky and α-attractor inflation, the evo-
lution of the background Universe can be in general di-
vided into three different phases: pre-inflationary quan-
tum phase, quantum-to-classical transition, and slow-roll
inflation. During the pre-inflationary quantum phase,
the background evolution is dominated by the quantum
geometry effects of loop quantum BD cosmology. Unlike
the background evolution in LQC of GR where the pre-
inflationary dynamics represents an expanding Universe
started at the quantum bounce [22], the pre-inflationary
12
χ0=2.1 mPlχ0=2.2 mPlχ0=2.3 mPl
10 1000 104
0.97
1
1.03
t

0 10 104 107
1
1025
1050
1075
t
 /tPl
a (t )/a
0
χ0=2.1 mPlχ0=2.2 mPlχ0=2.3 mPl
100 1000 104 105
0.0
0.2
0.4
0.6
0.8
1.0
t
 /tPl
r χ
χ0=2.1 mPlχ0=2.2 mPlχ0=2.3 mPl
106 5×106 107
0.000
0.002
0.004
0.006
0.008
0.010
0.012
t
 /tPl
ϵ H
χ0=2.5 mPlχ0=2.6 mPlχ0=2.7 mPl
10 1000
0.98
1
1.02
t

0 10 103 107
1
1010
1020
1030
1040
1050
t
 /tPl
a (t )/a
0
χ0=2.5 mPlχ0=2.6 mPlχ0=2.7 mPl
10 100 103 104
0.0
0.2
0.4
0.6
0.8
1.0
t
 /tPl
r χ
χ0=2.5 mPlχ0=2.6 mPlχ0=2.7 mPl
106 5×106 107
0.000
0.002
0.004
0.006
0.008
0.010
0.012
t
 /tPl
ϵ H
χ0=3 mPlχ0=3.2 mPlχ0=3.4 mPl
1 103
0.99
1
1.01
t

0 1 103 107
1
1025
1050
1075
t
 /tPl
a (t )/a
0
χ0=3 mPlχ0=3.2 mPlχ0=3.4 mPl
10 100 104103
0.0
0.2
0.4
0.6
0.8
1.0
t
 /tPl
r χ
χ0=3 mPlχ0=3.2 mPlχ0=3.4 mPl
106 5×106 107
0.000
0.002
0.004
0.006
0.008
0.010
0.012
t
 /tPl
ϵ H
FIG. 7. The figure shows the numerical evolution of aˆ(tˆ) ,rχ and ˆH with χ˙0 < 0. Top panel: β = 5. Middle panel: β = 10.
Bottom panel: β = 20. The insets show that a quantum bounce occurs.
dynamics is very complicated and depends on initial con-
ditions and specific models. Generally, the Universe is
initially expanding if the initial velocity of the scalar field
χ is positive (χ˙0 > 0) and is contracting if it is negative
(χ˙0 < 0). For Starobinky inflaton(β = 3) and α-attractor
inflation with β = 1, the initial expanding Universe shall
collapse to a contracting phase before it evolves into
the final expanding phase through the quantum bounce,
while initial contracting Universe directly connects to the
expanding phase through the quantum bounce. For α-
attractor inflation with β = 5, 10, 20, we show that the
quantum bounce does not exist after the initial time tˆ0
for the initial expanding Universe. Whether a quantum
bounce would appear before the chosen initial time tˆ0 de-
serve further investigating. This issue concerns whether
the effective equations are still valid for extremely high
energy near to the classical singularity and thus is out of
the scope of this paper. For initial contracting Universe,
the evolution of the background is almost the same as
that in models of Starobinsky inflation (β = 3) and α-
attractor inflation with β = 1. After the pre-inflationary
quantum phase, the universe gradually evolves into the
expanding Universe. For some of initial conditions in the
parameter space, we show that the slow-roll inflation for
both the Starobinsky and α-attractor models are pro-
duced. In addition, to be consistent with observational
data, we also derive the range of initial conditions that
could produce at least 60 e-folds during the slow-roll in-
flation.
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